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We propose a dynamics framework for representing progressive localized failure in materials under
quasi-static loads. The proposed model exhibits no mesh dependency, since localization phenomena
are taken into account by using the embedded strong discontinuities approach. Robust numerical tool
for simulation of discontinuities, in which the displacement field is enhanced to capture the discontinu-
ity, is combined with continuum damage representation of FPZ-fracture process zone. Based upon this
approach, a two-dimensional finite element model was developed, capable of describing both the diffuse
damage mechanism accompanied by initial strain hardening and subsequent softening response of the
structure. The results of several numerical simulations, performed on classical mechanical tests under
slowly increasing loads such as Brazilian test or three-point bending test were analyzed. The proposed
dynamics framework is shown to increase computational robustness. It was found that the final direction
of macro-cracks is predicted quite well and that influence of inertia effects on the obtained solutions is
fairly modest especially in comparison among different meshes.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

One of the most important reasons that can cause structural
failure is material micro-cracking evolving into localized collapse
mechanisms (see [12,25]). The simulation of the behavior of struc-
tures and components with discontinuities has become the topic of
much interest for the current research in the field of computational
mechanics. Several theories have been provided the fundamental
foundation for dealing with the simulation of the onset and prop-
agation of cracks in material, both at macroscopic and microscopic
levels. Generally speaking, the presently available approaches to
model discontinuities can be classified into two main families:
the fracture mechanics approach and the continuum mechanics
approach. However, it is well documented in [19,7] that using clas-
sical continuum mechanics models for post-localization studies
where strain-softening phenomena appear is unreliable. Conse-
quently, to overcome the shortcomings of local theories for model-
ing strain-softening, in the context of continuum mechanics-based
models, the embedded discontinuity approach (EDA) was recently
introduced giving rise to two variants of weak embedded disconti-
nuity formulations and strong embedded discontinuity formula-
tions. In the former case, with representative works in [22,28],
the strain field becomes discontinuous, but the displacement field
remaining continuous, across the limits of a narrow band (strain
localization band). Alternative approach concerns the case when
the strain localization band collapses into a surface, so-called dis-
placement discontinuity. The displacement field that becomes dis-
continuous across that surface implies that the strain field
becomes unbounded (e.g. [1,2,6,9,11,16,20,24,27,30]). Yet another
alternative method is the extended finite element method (XFEM),
in which a global approximation to the strong discontinuity kine-
matics is supplied by exploiting the partition of unity property of
the shape functions (see [8]). In comparison to XFEM, the embed-
ded discontinuity method has more computational advantage.
Namely, in the approximation of the displacement field, XFEM
requires additional nodal degrees of freedom, while in EDA the
additional degree of freedom can be eliminated by static condensa-
tion at the element level, so that the dimension of the discretized
problem does not increase at global level. As a consequence, for
the efficiency reasons, the embedded strong discontinuity method
is chosen in this work.

The vast majority of the previous studies using the embedded
discontinuity approach only considered quasi-static problems.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruc.2017.01.011&domain=pdf
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Fairly few works in dynamics were carried out with this approach,
such as [13] or [5]. As the main novelty here, we present a two-
dimensional model with the main contributions as follows:

� Capability of representing the localized failure of massive struc-
ture in dynamics by taking into account combination of strain
hardening in FPZ-fracture process zone and softening with
embedded strong discontinuities.

� Providing an alternative X-FEM approach to modeling failure
phenomena in dynamics with a more robust implementation,
and a more reliable prediction of final crack direction for mas-
sive structures with a significant contribution of FPZ.

� A multi-surface damage model including normal interface and
tangential interface damage modes, as generalization of mode
I and mode II failure modes in LFM-Linear Fracture Mechanics.

The paper is organized as follows: Section 2 is devoted to the
theoretical formulation of the combined continuum damage-
embedded strong discontinuity model, followed by Section 3 in
which the numerical implementation is discussed. In Section 4,
we present the results of numerical simulations performed on clas-
sical mechanical tests such as Brazilian test or three-point bending
test, and analyze. Finally, Section 5 closes the paper with some
concluding remarks.

2. Theoretical formulation

2.1. Continuum damage model

The damage model with isotropic hardening presented herein is
based on the idea first proposed in [21] where the internal variable
is chosen as the fourth order compliance tensor, �D representing an
anisotropic damaged state. The damage criterion prescribing the
admissible values of stress in the sense of damage is defined:

�Uðr; �qÞ ¼ b�UðrÞ � ð�rf � �qÞ 6 0 ð1Þ
where �rf refers to the limit of elasticity indicating the first cracking
and �q is a stress-like hardening variable which handles the damage
threshold evolution.

The internal energy of such a damage model can formally be
written:

vð�e; �D; �nÞ ¼ 1
2
�e � �D�1�eþ �Nð�nÞ ð2Þ

where �n is the hardening variable, and �Nð�nÞ stands for the corre-
sponding hardening potential.

By using the Legendre transformation to exchange the roles
between the stress and deformation, we further introduce the
complementary energy potential:

wðr; �D; �nÞ ¼ r � �e� wð�e; �D; �nÞ ¼ 1
2
r � �Dr� �Nð�nÞ ð3Þ

By exploiting the second law of thermodynamics, we can obtain
the explicit form of the damage model dissipation defined as
follows:

0 6 �D ¼ r � _�e� _wð�e; �D; �nÞ ¼ _r½��eþ �Dr� þ 1
2
r � _�Dr� d�Nð�nÞ

d�n
_�n ð4Þ

In the case of ‘‘elastic” process where _�D ¼ 0 and _�n ¼ 0, the dis-
sipation inequality (the Clausius-Duhem inequality) above
becomes an equality, �D ¼ 0, and leads to the appropriate form of
constitutive equations for damage model can be established:

�e ¼ �Dr ) r ¼ �D�1�e ¼ @wð�e; �D; �nÞ
@�e

; ;�q ¼ � d�Nð�nÞ
d�n

ð5Þ
By assuming that those results remain valid for an inelastic pro-

cess in which the internal variables are now modified, _�D–0 _�n–0,
we can define the positive damage dissipation:

0 < �D ¼ 1
2
r � _�Drþ �q _�n ð6Þ

In order to obtain the associated evolution equations for inter-
nal variables, the principle of maximum dissipation has to be
enforced under the constraints �Uðr; �qÞ 6 0. By introducing
Lagrange multiplier �c, the previous problem can then be recast as
the unconstrained maximization problem:

max
�Uðr;�qÞ60

½�Dðr; �qÞ� () max
_�cP0

min
8ðr;�qÞ

½��Dðr; �D; �nÞ þ _�c �ðr; �qÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�Lðr;�D;�n;�qÞ

ð7Þ

Applying the Kuhn-Tucker optimality conditions for the chosen
damage Lagrangian the evolution equations for the internal vari-
ables can thus be written:

0 ¼ @�Lðr; �D; �n; �qÞ
@r

) _�D ¼ _�c
@ �Uðr; �qÞ

@r
� 1
r

0 ¼ @�Lðr; �D; �n; �qÞ
@�q

) _�n ¼ _�c
@ �Uðr; �qÞ

@�q

ð8Þ

Since b�UðrÞ is a homogeneous function of degree one, which

implies that @ �U
@r r ¼ b�UðrÞ, from (8) we can write the evolution of

damage model compliance as:

_�D ¼ _�c
@ �U
@r

� @ �U
@r

1b�UðrÞ
ð9Þ

The corresponding loading-unloading criteria are also a part the
Kuhn-Tucker optimality conditions:

_�c P 0; �Uðr; �qÞ 6 0; _�c�Uðr; �qÞ ¼ 0 ð10Þ
Finally, the consistency condition which takes form as

_�c _�Uðr; �qÞ ¼ 0, will lead to the corresponding value of damage
multiplier.

_�c ¼
@U
@r � D�1 _�e

@U
@r � �D�1 @U

@r þ �Kð@U
@�qÞ

2 ð11Þ

where �K is the hardening modulus for the bulk material.
With these results in hand, we can easily write the stress rate

constitutive equations for the continuumdamagemodel (see Fig. 1):

_r ¼

�D�1 _�e _�c ¼ 0

�D�1 � ð�D�1 @ �U
@rÞ � ð�D�1 @ �U

@rÞ
@ �U
@r � �D�1 @ �U

@r þ K @ �U
@�q

� �2
264

375 _�e _�c > 0

8>>>><>>>>: ð12Þ
2.2. Discrete damage model

The damage model of this kind is further enhanced to be able to
describe localized failure leading to softening. The localized failure
is represented by a strong discontinuity in the displacement field
across the surface Cs (see Fig. 2). Therefore, the total displacement
field can be written as the sum of a continuous regular part �uðx; tÞ
and a discontinuous irregular part corresponding to the displace-
ment jump ��uðx; tÞ (see also [31] and [32]) (see Fig. 3):

uðx; tÞ ¼ �uðx; tÞ þ ��uðx; tÞHCs ðxÞ ð13Þ
where HCs ðxÞ denotes the Heaviside function (see Fig. 4):

HCs ðxÞ ¼
1 x 2 @X�

0 x 2 @Xþ

�
ð14Þ



Fig. 1. Kinematics in the fracture process zone.

Fig. 2. The discontinuity surface Cs separating the domain X into Xþ and X� and strong discontinuity kinematics.

Mode I Mode II 

Opening Sliding

Fig. 3. Fracture modes of a 2D anisotropic damage model.

Fig. 4. Discontinuous shape function (2D case) for a
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with @X� and @Xþ are the boundary of two sub-domains of the ele-
ment separated by the discontinuity

@X� ¼ @X \X� @Xþ ¼ @X \Xþ

and Cs is the discontinuity surface separating the continuous
domain X into sub-domains Xþ and X�.

The infinitesimal strain which corresponds to this displacement
decomposition can be then computed as the sum of a regular (con-
tinuous) part, �eðx; tÞ, and a singular (discontinuous) part, ��eðx; tÞ,
according to:

eðx; tÞ ¼ �eðx; tÞ þ ��eðx; tÞdCs ðxÞ ð15Þ
where
CST element with constant discontinuity jumps.
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�eðx; tÞ ¼ rs�uðx; tÞ þ HCsrs��uðx; tÞ
��eðx; tÞ ¼ ð��uðx; tÞ � nÞs ð16Þ

From Eq. (5), the strain field can be written in terms of the stress
field. By taking into account that the stress field remains bounded,
we can conclude that the damage compliance tensor D should also
be split into two parts: regular and singular:

D ¼ �Dþ ��DdCs ð17Þ
Combining Eqs. (15)–(17), we can identify:

�eðx; tÞ ¼ rs�uðx; tÞ ¼ �Dr on X n Cs

��eðx; tÞ ¼ ð��uðx; tÞ � nÞs ¼ ��Dr on Cs

(
ð18Þ

The decomposition of the strain field into a regular part and sin-
gular part leads to the corresponding split of hardening variable n

so that n ¼ �nþ ��ndCs . Deriving from these results, we can write the
Helmholtz free energy which is also divided into a regular part �w

from fracture process zone on nCs and a singular part ��w associated
to the discontinuity on Cs:

wðe;D; nÞ ¼ 1
2
�e � �D�1�eþ �Nð�nÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�wð�e;�D;�nÞ

þ ½1
2
��u � ��Q�1��uþ ��Nð��nÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

��wð��u; ��Q ;��nÞ

dCs ð19Þ

where ��Q ¼ ðn � ��DnÞ�1
is internal variable for describing the damage

response at the discontinuity.
The total dissipation of the material can then be expressed as

the sum of the bulk dissipation due to diffuse damage mechanisms
and the localized dissipation due to the development of localiza-
tion zones:

D ¼ �Dþ ��DdCs

¼ r � _�e� d
dt

�wð�e; �D; �nÞ þ ½tCs � _��u� d
dt

�wð��u; ��Q ; ��nÞ�dCs ð20Þ

where the second term is the singular part of dissipation, which can
be written:

0 6 ��D ¼ _��uðtCs � ��Q�1��uÞ þ 1
2
tCs � _��QtCs �

d��Nð��nÞ
d��n

_��n ð21Þ

Each damage dissipation mechanism activation is controlled by
the corresponding damage criterion. For the surface of discontinu-
ity, we assume the damage function as:

��UðtCs ;
��qÞ ¼ b��UðtCs Þ � ð��rf � ��qÞ 6 0 ð22Þ

where tCs ¼ ðrnÞjCs
is the traction vector acting on discontinuity,b��UðtCs Þ is a homogeneous function of degree one, i.e.,

@ ��U
@tCs

tCs ¼ @
b��U

@tCs
tCs ¼ b��UðtCs Þ, ��rf is the initial damage threshold and ��q is

the softening traction-like variable controlling the evolution of the
damage threshold.

In an elastic process, with no change of internal variables and

zero dissipation ( _��Q ¼ 0, _��n ¼ 0, ��D ¼ 0Þ, Eq. (21) allows us to define
the form of constitutive equation and the traction-like variable
associated to softening phenomena at the discontinuity:

tCs ¼ ��Q�1��u ¼ @��wð��u; ��Q ; ��nÞ
@��u

; ��q ¼ � d��Nð��nÞ
d��n

ð23Þ

By assuming that these relations also hold in damage process,
from Eq. (21) we can obtain a reduced form of the inelastic local-
ized dissipation as:

��D ¼ 1
2
tCs � _��QtCs þ ��q _��n ð24Þ
Using the principle of maximum of damage dissipation we can
choose the traction which will maximize the damage dissipation
among all admissible candidates in the sense of the chosen damage
criterion:

max
��UðtCs ;��qÞ60

½��DðtCs ;
��qÞ� () max

_��cP0
min
8ðtCs ;��qÞ

½���DðtCs ;
��Q ; ��nÞ þ _��c��UðtCs ;

��qÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
��LðtCs ; ��Q ;��n;��qÞ

ð25Þ

where ��c stands for the Lagrange multiplier introduced for the
discontinuity.

Combining the last result and the corresponding Kuhn-Tucker
optimality conditions for maximization problem in Eq. (25), it is
possible to provide the evolution equations for the internal
variables:

0 ¼ @��LðtCs ;
��Q ; ��n; ��qÞ

@tCs

) _��Q ¼ _��c
@ ��UðtCs ;

��qÞ
tCs

� 1
tCs

0 ¼ @��LðtCs ;
��Q ; ��n; ��qÞ

@��q
) _��n ¼ _��c

@ ��UðtCs ;
��qÞ

@��q

ð26Þ

The homogeneity of function b��UðrÞ allows us to obtain the final
form of the evolution of damage model compliance as:

_��Q ¼ _��c
1b��UðtCs Þ

@ ��U
@tCs

� @ ��U
@tCs

ð27Þ

These equations are accompanied by loading-unloading
conditions:
_��c P 0��UðtCs ;

��qÞ 6 0 _��c��UðtCs ;
��qÞ ¼ 0 ð28Þ

Finally, we get the consistency condition which is written as:

_��c _��UðtCs ;
��qÞ ¼ 0 ð29Þ

The Lagrange multiplier value for the damage step can easily be
computed as follows:

_��c ¼
@ ��U
@tCs

� ��Q�1 _��u

@ ��U
@tCs

� ��Q�1 @ ��U
@tCs

þ ��Kð��nÞð@ ��U
@��qÞ

2 ð30Þ

where K is the softening modulus.
From Eqs. (26) and (30) we can obtain the rate constitutive

equations between traction and ‘‘jump” in displacement, according
to:

_tCs ¼

��Q�1 _��u _��c ¼ 0

½ ��Q�1 �
��Q�1 @ ��U

@tCs
� ��Q�1 @ ��U

@tCs

@ ��U
@tCs

� ��Q�1 @ ��U
@tCs

þ ��Kð��nÞð@ ��U
@��qÞ

2� _��u _��c > 0

8>>><>>>: ð31Þ
2.3. Choice of damage criteria

The isotropic damage criterion defining the elastic domain is
chosen as (see [18]):

�Uðr; �qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r � Der

p
� 1ffiffiffi

E
p ð�rf � �qÞ ð32Þ

where De denotes the undamaged elastic compliance tensor of the
bulk material, which is equal to the inverse of elasticity tensor,

De ¼ ½Ce��1, and E refers to the Young modulus. From there, we get:

@ �U
@r

¼ Der
krkDe

;
@ �U
@�q

¼ 1ffiffiffi
E

p ð33Þ

where krkDe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r �Der

p
defines the corresponding norm in the

stress space.
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Combining Eqs. (8) and (33), we can thus write the evolution
equations of internal variables in a simplified form as:

_�D ¼ _�c De

krkDe
_�n ¼ _�c 1ffiffi

E
p

8<: ð34Þ

To describe a particular damage mechanism of a multi-surface

model each damage surface ��UkðtCs ;
��qÞ is chosen, according to:

��UkðtCs ;
��qÞ 6 0 k ¼ 1;2; . . . ;m ð35Þ

In that way, for a 2D anisotropic damage model (two-surface
damage model) which makes use of the crack opening displace-
ment ��un corresponding to mode I in traction and the sliding dis-
placement over the crack mouth ��um related to mode II in shear
(also see [4]), we can thus write:

��U1ðtCs ;
��qÞ ¼ n � rn|{z}

tCs

�ð��rf � ��qÞ ¼ n � tCs|fflfflffl{zfflfflffl}b��U1ðtCs Þ

�ð��rf � ��qÞ 6 0

��U2ðtCs ;
��qÞ ¼ m � rn|{z}

tCs

�ð��rs �
��rs

��rf

��qÞ ¼ jm � tCs j|fflfflfflfflffl{zfflfflfflfflffl}b��U2ðtCs Þ

�ð��rs �
��rs

��rf

��qÞ 6 0

ð36Þ
where n, m are respectively the external unit normal and tangent
vectors on the crack, ��rf is the given fracture stress, ��rs is the limit
value of shear stress on the discontinuity and ��q is the softening
traction-like variable through which the two failure functions above
are coupled.

For representing the final fracture phase, we chose an exponen-
tial softening law, according to:

��q ¼ ��rf 1� expð�
��b
��rf

��nÞ
" #

) ��K ¼ � @��q

@��n
¼ ���b exp �

��b
��rf

��n

 !
ð37Þ

where ��b is a parameter chosen in accordance with the fracture
energy dissipated at the discontinuity. By integrating the total dis-
sipation along the fracture process, we obtain the fracture energy:

Gf ¼
Z 1

0

��rf exp �
��b
��rf

��n

 !
d��n ð38Þ

The evolution equations for internal variables:

_��Q ¼ _��c1
1

n � tCs

n� nþ _��c2
1

jm � tCs j
m�m

_��n ¼ _��c1
@ ��U1

@��q
þ _��c2

@ ��U2

@��q
¼ _��c1 þ _��c2

��rs

��rf

ð39Þ

From the consistency conditions _��ci
_��U1ðtCs ;

��qÞ ¼ 0; i = 1, 2, we can
obtain the value of Lagrange multipliers as:

_��ci ¼
X2
j¼1

G�1
ij

@ ��Ui

@tCs

� ��Q�1 _��u; i ¼ 1;2 ð40Þ

where

G ¼
n � ��Q�1nþ ��Kð��nÞ ��Kð��nÞ ��rs

��rf

��Kð��nÞ ��rs
��rf

m � ��Q�1mþ ��Kð��nÞð��rs
��rf
Þ2

264
375;

��Q ¼
��Qnn 0

0 ��Qmm

" #
ðn;mÞ

ð41Þ

With these results in hand, the stress rate constitutive
equations for discrete damage model can easily be written as
follows:
_tCs ¼

��Q�1 _��u _��c1 ¼0; _��c2 ¼0

��Q�1� 1
n� ��Q�1nþ��K ��nð Þ

��Q�1n
� �

� ��Q�1n
� �� �

_��u _��c1 >0; _��c2 ¼0

��Q�1� 1

m� ��Q�1mþ ��rs
��rf

� �2
��K ��nð Þ

��Q�1m
� �

� ��Q�1m
� �264

375 _��u _��c1 ¼0; _��c2 >0

��Q�1�
X2
i;j¼1

G�1
ij

��Q�1 @ ��Ui
@tCs

� �
� ��Q�1 @ ��Uj

@tCs

� �" #
_��u _��c1 >0; _��c2 >0

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
ð42Þ
3. Numerical implementation – Finite element with embedded
strong discontinuities

3.1. Enhanced kinematics

As stated earlier, once the failure in a local zone occurs, the
enhanced displacement field ought to be introduced and written
as the sum of a regular part and an irregular part (see Fig. 2). In this
direction, we present herein the finite element interpolations for a
triangular three-node element (CST) in which the displacement
jump is taken as constant.

Thus, the total displacement field uðx; tÞ can be written as:

uðx; tÞ ¼ ûðx; tÞ þ ��uðx; tÞ½HCs ðxÞ �uðxÞ� ð43Þ
where ûðx; tÞ is the classic displacement interpolation of a CST finite
element from which we can get the regular strain field:

ûðx; tÞ ¼
X3
a¼1

NaðxÞua ¼ Nd ) êðx; tÞ ¼
X3
a¼1

LNaðxÞ|fflfflffl{zfflfflffl}
BaðxÞ

ua ¼ Bd ð44Þ

in which ua refers to the displacement of node a, NaðxÞ stands for
the shape function associated to node a and L denotes the matrix
form of the strain-displacement operator rs. By introducing an
additional shape function MðxÞ ¼ HCs ðxÞ �uðxÞ shown in Fig. 4,
the following approximation is considered for the enhanced dis-
placement field:

��uðx; tÞ ¼ M��u ð45Þ
The real strain field interpolation remains similar to the inter-

polation of virtual strain field:

eðx; tÞ ¼ Bdþ Gr
��u ) deðx; tÞ ¼ Bwþ Gv

��b ð46Þ

where BaðxÞ ¼ LNaðxÞ, GrðxÞ ¼ LMðxÞ, w and ��b represent the virtual
displacement and virtual displacement jump fields, respectively.
GvðxÞ is referred to as an incompatible mode function modified in
order to satisfy the patch-test condition. In concordance with the
form of the function MðxÞ, GrðxÞ and GvðxÞ must be decomposed
into a regular part and a singular part as:

GrðxÞ ¼ �GrðxÞ þ ��GrðxÞdCs

GvðxÞ ¼ GrðxÞ � 1
Ae

Z
Xe

GrðxÞdXe ¼ �Gv þ ��GvdCs

ð47Þ
3.2. Computational procedure

The solution of the problem is computed by the operator split
solution procedure (see [15]). The global phase will provide the
best iterative value of the total strain field, together with the cor-
responding iterative value of the crack opening and sliding. How-
ever, before the global computation can go on, we need to carry
out the local computations for the values of the tangent elastodam-
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age modulus (Ced) and stress update at the element level (Gauss
quadrature point). This is done by using the implicit backward
Euler scheme to integrate the rate constitutive equations. The local
computation is started by considering the elastic trial state with no
evolution of internal variables at time step tnþ1, namely:

�cnþ1 ¼ 0; �ntrialnþ1 ¼ �nn; �Dtrial
nþ1 ¼ �Dn; �qtrial

nþ1 ¼ �qn;rtrial
nþ1 ¼ �D�1

n
�enþ1

) �Utrial
nþ1 ¼ krtrial

nþ1kDe � 1ffiffiffi
E

p ð�rf � �qnÞ ð48Þ

If such a damage function has non-positive value, the trial step
solution can be accepted as final. On the contrary, if any value the
damage function takes is larger than zero the true positive value of
�cnþ1 and the final values of internal variables must be computed so
that �Unþ1 ¼ 0, according to:

�Dnþ1 ¼ �Dn þ �cnþ1
De

krnþ1kDe
�nnþ1 ¼ �nn þ �cnþ1

1ffiffi
E

p

(
ð49Þ

Exploiting equation �Unþ1ðrnþ1; �qnþ1Þ ¼ 0, �cnþ1 can be computed
as follows:

�Unþ1 ¼ �Utrial
nþ1 �

�cnþ1

1þ �ln
þ

�K
E
�cnþ1 ¼ 0 ) �cnþ1 ¼

�Utrial
nþ1

1
1þ�ln

þ �K
E

ð50Þ

The last result allows us to obtain the consistent elastodamage

tangent modulus, Ced
nþ1 ¼ @rnþ1

@�enþ1

Ced
nþ1 ¼ Ce

1þ �ln
1� �cnþ1

1
ð1þ �lnÞkrtrial

nþ1kDe

 !

þ 1

ð1þ �lnÞ2
�cnþ1

krtrial
nþ1kDe

� 1
1

1þ�ln
þ �K

E

 !
Ntrial

nþ1 � Ntrial
nþ1 ð51Þ

where Ntrial
nþ1 ¼ rtrial

nþ1

krtrial
nþ1kDe

.

Finally, we carry out the last computation in the local phase at
the converged value of internal variables in the sense of the num-
ber of active surfaces to set the elastodamage tangent modulus for
the next step, according to:

Ced ¼ @tCs;nþ1

@��unþ1
¼

��Q�1
n �

X2
i;j¼1

Gij;nþ1
	 
�1 ��Q�1

n
@ ��Ui

@tCs;nþ1

� �
� ��Q�1

n
@ ��Ui

@tCs;nþ1

� �
��Q�1

n � 1
@ ��Ui

@tCs;nþ1
� ��Q�1

n
@ ��Ui

@tCs;nþ1

��Q�1
n

@ ��Ui
@tCs;nþ1

� �
� ��Q�1

n
@ ��Ui

@tCs;nþ1

� �
8>>>><>>>>:

ð52Þ
Having converged with local computation to the final values of

internal variables, we turn back to the global phase in order to pro-
vide new iterative values of nodal displacements. In this phase, all
numerical simulations consider in particular the implicit Newmark
scheme with the following residual equations established by
applying incompatible mode method (see [17] or [26]) at the end
of the time step tnþ1 and iteration i:

rðeÞ;ðiÞnþ1 ¼ A
nel
e¼1½fðeÞ;ðiÞext;nþ1 � fðeÞ;ðiÞint;nþ1� �MaðeÞ;ðiÞ

nþ1 for x 2 nCs

hðeÞ;ðiÞ
nþ1 ¼ RXe

�GT
vr

ðeÞ;ðiÞ
nþ1 de þ RCs

��GT
vtCs ds for x 2 Cs

8<: ð53Þ

where M; fðeÞ;ðiÞext;nþ1 and fðeÞ;ðiÞint;nþ1 are the element mass matrix, external
and internal forces, respectively

M ¼
Z q

Xe
NTNde

fðeÞ;ðiÞext;nþ1 ¼
Z
Xe

NbNTde þ ½NT�t�Cr

fðeÞ;ðiÞint;nþ1 ¼
Z
Xe

BTrðeÞ;ðiÞ
nþ1 de

ð54Þ
By taking into account interpolations described in the previous
section along with using Newton-Raphson method, finally we
obtain linearized form of the system of equilibrium equations in
(53), according to:

A
nel
e¼1K̂

ðeÞ A
nel
e¼1F

ðeÞ

FðeÞ;T HðeÞ

" #i
nþ1

DdðeÞ;ðiÞ
nþ1

D��uðeÞ;ðiÞ
nþ1

 !
¼ A

nel
e¼1r

ðeÞ;ðiÞ
nþ1

hðeÞ;ðiÞ
nþ1

 !
ð55Þ

in which the parts of element stiffness matrix are as follows:

K̂ðeÞ;ðiÞ
nþ1 ¼KðeÞ;ðiÞ

nþ1 þ 1

bðDtÞ2
M

KðeÞ;ðiÞ
nþ1 ¼@fðeÞ;ðiÞint;nþ1

@d
¼
Z
Xe
BTCed

nþ1BdX
e

FðeÞ;ðiÞ
nþ1 ¼@fðeÞ;ðiÞint;nþ1

@��u
¼
Z
Xe
BTCed

nþ1
�GrdX

e

FðeÞ;ðiÞ;T
nþ1 ¼@hðeÞ;ðiÞ

nþ1

@d
¼
Z
Xe

�GT
vC

ed
nþ1BdX

eþ
Z
Cs

��GT
v
@tCs

@d
dCs ¼

Z
Xe

�GT
vC

ed
nþ1BdX

e

HðeÞ;ðiÞ
nþ1 ¼@hðeÞ;ðiÞ

nþ1

@��u
¼
Z
Xe

�GT
vC

ed
nþ1

�GrdX
eþ
Z
Cs

��GT
v
@tCs

@��u
dCs

ð56Þ
Exploting the static condensation at the element level of the

second equation, the system (55) is reduced to:

A
nel
e¼1ðKðeÞ;ðiÞ

eff ;nþ1Dd
ðeÞ;ðiÞ
nþ1 Þ ¼ A

nel
e¼1r

ðeÞ;ðiÞ
eff ;nþ1 ð57Þ

where KðeÞ;ðiÞ
eff ;nþ1; r

ðeÞ;ðiÞ
eff ;nþ1 are respectively the effective stiffness matrix

and effective residual of element.

KðeÞ;ðiÞ
eff ;nþ1 ¼ K̂ðeÞ;ðiÞ

nþ1 � FðeÞ;ðiÞ
nþ1 ðHðeÞ;ðiÞ

nþ1 Þ�1
FðeÞ;ðiÞ;T
nþ1

rðeÞ;ðiÞeff ;nþ1 ¼ rðeÞ;ðiÞnþ1 � FðeÞ;ðiÞ
nþ1 ðHðeÞ;ðiÞ

nþ1 Þ�1
hðeÞ;ðiÞ
nþ1

ð58Þ
4. Numerical simulations

This section presents the results obtained from several numer-
ical tests designed to evaluate and illustrate the performance of the
proposed anisotropic damage model. In all examples, the plane
strain hypothesis is imposed, the time-dependency of the applica-
tion of loads is linear increase in time and there is no artificial
damping in the simulations. GMSH software [10] is used to gener-
ate meshes with constant strain triangle (CST) elements. In the
finite element framework, all computations are implemented by
a research version of the computer program FEAP, developed by
Taylor [29].

4.1. Simple tension test

The first test problem is the simple tension in which a rectangu-
lar strip with a length of 200 mm, a width equal to 100 mm and a
unit thickness is subjected to homogenous displacement-
controlled tension applied at the right free-end. The boundary con-
ditions and three different finite element meshes employed in
computations are presented in Fig. 5. In each mesh, there is a
slightly weakened element (shaded area in mesh) in order to better
control the macro-crack creation. The set of material properties is
given in Table 1.

We see that the computed macro-cracks indicated in Fig. 6 are
originated from weakened elements of specimens and then go
through the center of neighboring elements in the direction per-
pendicular to the principal stress at the time when the chosen
damage threshold value is reached. Regardless of fineness or



Table 1
Material properties for the simple tension test.

Continuous model
Young modulus 38GPa
Poisson’s coefficient 0.18
Density mass 2600 kg/m3

�rf 2Mpa
�K 1,000 MPa

Discrete model
�rf 2.55 MPa

2.35 MPa (weakened element)
��rs=��rf 0.3
��b 25.5 MPa/mm

(a) Coarse unstructured mesh (70 elements) (b) Fine structured mesh (220 elements) 

(c) Fine unstructured mesh (182 elements)

Fig. 5. Finite element model and boundary conditions.
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coarseness, two structured and unstructured types of mesh give
very different predictions for local response features. Namely, the
latter kind cannot produce the macro-crack pattern as a straight
hsemderutcurtsnuesraoC)a(

nueniF)c(

Fig. 6. Crack path at the end of the computatio
line as obtained in the former kind. As for Fig. 7, the obtained
results point out that unlike static simulations, where the diagram
between load and imposed displacement is exactly the same for all
meshes, in dynamic element tests the global response computed
for meshes in terms of the load versus displacement curve is
dissimilar. The reason for this difference is that the solution is
affected by the inertia effect which is always present in dynamic
problems, leading to different wave frequencies for various
meshes.

4.2. Brazilian-like semicircular disc test

In this example, we present the simulated results of the
Brazilian-like semicircular disc test. Table 2 shows material prop-
erties of the specimen. The computational model for simulations
is described in Fig. 8 where a semicircular disc with 10 mm in
diameter and a unit thickness is indirectly applied homogeneous
downward displacements through a rectangular block put over it,
or other words, this test is carried out under displacement control
hsemderutcurtseniF)b(

hsemderutcurts

n for structured and unstructured meshes.



Table 2
Material properties of the specimen.

Continuous model
Young modulus 38 GPa (semi-disc)

75 GPa (rectangular block)
Poisson’s coefficient 0.18
Density mass 2600 kg/m3 (semi-disc)

3000 kg/m3 (rectangular block)
�rf 2 Mpa
�K 1000 MPa

Discrete model
��rf 2.55 MPa

2.35 MPa (weakened element)
��rs=��rf 0.3
��b 25.5 MPa/mm

Fig. 7. Load-imposed displacement diagram for three different discretizations.

(a) Coarse mesh

Fig. 9. Spread of the FPZ (Fracture process zone) at the end

(a) Coarse mesh (202 elements)

Fig. 8. Computational model for Braz

X.N. Do et al. / Computers and Structures 183 (2017) 14–26 21
with note that precise boundary condition between the rectangular
block and the semicircular disc is unilateral contact with no fric-
tion (e.g. see [14], Ch. 5). A coarse mesh with 202 elements and a
fine mesh with 682 elements are used for the computation. In each
mesh, a single element is slightly weakened (red area in mesh) to
better orientate the macro-crack occurrence.

From results in Fig. 9 in which crack opening at the end of the
computation for both meshes is indicated, it can be seen that a
similar crack path, which is predicted for two different discretiza-
tions, agrees quite well with the experimental results. Namely,
from the experimental point of view, fracture originates from the
tips of microcracks lying perpendicular to the direction of principal
stress and should be located at the center of the semicircular disc.
The resulting crack would propagate in the loading direction, and
the specimen would eventually split into two halves along the
(b) Fine mesh

of the computation for the coarse and the fine mesh.

(b) Fine mesh (682 elements)

ilian-like semicircular disc test.



Fig. 10. Reaction in terms of displacement.

Fig. 11. Geometric characteristics (in mm) and boundary conditions of the notched
specimen.

Table 3
Material properties for the three-point bending test.

Continuous model
Young modulus 38 GPa
Poisson’s coefficient 0.1
Density mass 2600 kg/m3

�rf 2.2 Mpa
�K 1000 MPa

Discrete model
��rf 2.35 MPa
��b 23.5 MPa/mm
��rs 0.235 MPa

(a) Coarse mesh (818 elements) 

(b) Fine mesh (1722 elements)

Fig. 12. Two kinds of the finite element mesh used for computation.

(a) Coarse mesh 
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compressive diametral line. Fig. 10 shows reaction versus imposed
displacement relation. Simulated results point out a little differ-
ence between two meshes.
(b) Fine mesh 

Fig. 13. Crack path at the end of the computation for the coarse and the fine mesh.
4.3. Three-point bending test

We consider next the three-point bending test of a notched con-
crete beam. Fig. 11 describes the geometry of the specimen, the
boundary conditions and the loading in which downward displace-
ments are imposed at center top of the beam in order to ensure this
element test is performed under displacement control. The chosen
values of material parameters are given in Table 3. Two different
unstructured meshes shown in Fig. 12 are exploited in the compu-
tational procedure.
As indicated in Fig. 13, for both meshes the discontinuity line
starts at the notch and propagate perpendicularly to the length
of the beam. This tendency of development of macro-cracks is
identical to that of experimental results (see [23]). Turning to the



(a) Coarse mesh 

(b) Fine mesh 

Fig. 15. Crack opening ��un and sliding ��um at the end of the computation for two different discretizations.

Fig. 16. Notched specimen: geometric characteristics (in mm) with L = 1322 mm,
h = 306 mm, a = 14 mm, b = 82 mm and boundary conditions.

Table 4
Material properties of the anisotropic dam-
age model in the four-point bending test.

Continuous model
Young modulus 28.8 GPa
Poisson’s coefficient 0.18
Density mass 2600 kg/m3

�rf 2.6 Mpa
�K 1000 MPa

Discrete model
��rf 2.8 MPa
��rs=��rf 0.1
��b 28 MPa/mm

Fig. 14. Measured load-crack mouth opening displacement (CMOD) curve.

X.N. Do et al. / Computers and Structures 183 (2017) 14–26 23
Fig. 14 which plots measured load in terms of crack mouth opening
displacement (CMOD), we find once again that even though two
curves does not totally coincide due to inertia effect the global
response computed for two different finite element meshes has
quite similar trends, or more precisely, absolute vertical or relative
horizontal evolution of displacement as a function of applied load-
ing. It is also important to note that the same propensities keep



(a) Coarse mesh (723 elements) 

(b) Fine mesh (1710 elements) 

Fig. 17. Finite element meshes used for computation.

(a) Coarse mesh 

(b) Fine mesh 

Fig. 18. Crack path at the end of the computation for two types of meshes.
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being observed for the internal variable (a prolongation of CMOD)
in Fig. 15 where crack opening ��un and crack sliding ��um at the final
deformed configurations (scaled 250 times) for two different dis-
Fig. 19. Load-crack mouth opening d
cretizations are shown. The dynamics framework increase the
model robustness. As illustration, the total number of iteration is
reduced in half (23,841 versus 43,466 by using quasi-static
approach) until 1851th step when quasi-static model can no longer
converge. By adding the enhancement to the discontinuity
interface law in terms of rate sensitivity, for the present case of
quasi-static testing it makes not much difference – the response
is slightly increased, while the number iterations remain the
same.
4.4. Four-point bending test

To end this section, we now study the four-point bending of a
plain concrete notched beam. Fig. 16 depicts the boundary
conditions, the loading and the geometry of the specimen with
note that four blocks located between the applied load and the
concrete beam as well as between the supports and the concrete
beam are steel caps having Young’s modulus E = 288 GPa, density
mass of 7830 kg/m3 and Poisson’s coefficient equal to 0.18. In addi-
tion, contrary to the three-point bending test, in which the load is
applied directly through imposing the displacement, in this case,
loads P and 0.13P are imposed on the steel caps at the top surface
of the beam. Material parameters of the concrete beam are given in
Table 4. Two different unstructured meshes, the coarse mesh with
723 elements and fine mesh with 1710 elements (Fig. 17) are con-
sidered for simulations.

According to the results in Fig. 18, we can see that similar to
the experimental results (see [3]) the crack in both meshes ini-
tiates at the top right corner of the notch, propagates up and
to the right. Fig. 19 shows the curve obtained for load versus
crack mouth opening displacement (CMOD). The simulated
results indicate a quite identical tendency in computed paths
for the coarse and the fine mesh, namely: the evolution of dis-
placement as a function of applied loading even though there
still exists a small difference in obtained values of load and dis-
placement. Finally, we can find that the local results in terms of
crack opening and crack sliding presented in Fig. 20 remain quite
similar for two types of mesh.
isplacement (CMOD) response.



(a) Coarse mesh

(b) Fine mesh

Fig. 20. Crack opening ��un and sliding ��um at the end of the computation for the coarse and the fine mesh.
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5. Conclusions

In this work, we have presented a two-dimensional multi-
surface anisotropic damage model combining mechanisms of
continuum damage and embedded strong discontinuity in the
computational framework of nonlinear dynamics. Thanks to this
combination, the proposed model is capable of representing the
localized failure of massive structure in dynamics framework,
resulting in quite well prediction for propagation direction of
the crack. In addition, coupling two failure modes: mode I and
mode II in the right way leads the model to desirable conver-
gence for large computations in which a lot of different phenom-
ena happen at the same time. As a consequence, the model
proposed herein can be used in simulations for different hetero-
geneous materials where localized discontinuities have a strong
influence on the material’s behavior. Finally, the proposed
dynamics framework renders the computations more robust,
with the possibility to include eventual inertia effect for rapid
failure in localization phase.
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